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Abstract

The first three papers in this series established that Zg arithmetic determines 32
Standard Model parameters at 107% significance, constructed an explicit Froggatt—
Nielsen Lagrangian, and identified the UV origin in modular invariance. All three
papers assumed the Standard Model gauge group SU(3)c x SU(2)r, x U(1)y as given.
We show that the gauge group itself is constrained by the Zg ring. The multiplicative
unit group Z§ = Zg = Zg X Zs is isomorphic to Z(SU(3)) x Z(SU(2)), the product
of centers of the non-abelian gauge factors. The “true” gauge group of the Standard
Model—the quotient [SU(3) x SU(2) x U(1)]/Ze¢—is thus structurally linked to Zg.
The ring decomposes as units U ideal U identity, with generator counts 8 +3 + 1 =
12 matching the gauge boson spectrum exactly: N = p?> — 1 = 8 gluons for SU(p)
with p = 3, |I| = p = 3 weak bosons for SU(2), and 1 photon for U(1). The Zg
quotient condition g-nz+p-n2+6Y =0 (mod 6) is satisfied by every Standard Model
representation, with coefficients g = 2 and p = 3 drawn directly from Zg structure. A
uniqueness scan of all Z,, for n = 2 to 500 confirms that Zg is the only modular ring
exhibiting this complete gauge correspondence. We discuss implications for spacetime
dimensionality via T%/Zg orbifold compactification and for the cosmological constant.

1 Introduction

1.1 The Trilogy So Far

Ref. [1] demonstrated that the multiplicative structure of Zg determines 32 fundamental
quantities—particle masses, coupling constants, and mixing angles—spanning 12 orders of
magnitude at 1075 statistical significance. [2] constructed an explicit Froggatt—Nielsen La-
grangian with Zg as a discrete flavour symmetry, reproducing the full fermion mass hierarchy
with expansion parameter ¢ = 2/9. [3] showed that Zy emerges from modular invariance at
the SL(2,7Z) fixed point 7 = ¢*™/3, provided partial UV completion via Kihler geometry,
and rationalized all nine Yukawa coefficients as Zg rational numbers.

All three papers assumed the Standard Model gauge group SU(3)c x SU(2), x U(1)y
as input. The gauge group determined which particles exist and how they interact, but was



not derived—it was the container into which Zg predictions were placed. This paper asks
whether the container itself follows from Zg.

1.2 The Question

The Standard Model gauge group SU(3) x SU(2) x U(1) has no known derivation. Grand
unified theories embed it in larger groups (SU(5), SO(10), Eg), but this pushes the question
back: why SU(5)? Moreover, [3] showed that Zg charges are incompatible with SU(5)
multiplet structure, ruling out GUT origin.

We propose that the answer lies in the ring structure of Zg itself. The key is not the
additive group (which is cyclic of order 9) but the multiplicative decomposition of the ring
into units, zero divisors, and the identity—a structure unique to rings, not available in mere
groups.

1.3 Summary of Results

1. The multiplicative unit group Z§ = Zs x Zy encodes the centers of SU(3) and SU(2)
(Section 3).

2. The ring decomposition gives gauge boson counts: 8 gluons from the depth N = p? —1,
3 weak bosons from the ideal |I| = p, and 1 photon (Section 4).

3. The Zg quotient condition on representations uses Zg structural constants as coefficients
(Section 5).

4. Zg is the unique modular ring with this gauge correspondence (Section 6).

5. Spacetime dimensionality 3 + 1 follows from T°/Zg orbifold compactification (Section

7).

6. The cosmological constant prediction 24 = 137/200 acquires a geometric interpretation
(Section 8).

2 Z¢ Ring Structure

We recall the essential ring-theoretic decomposition established in [1]. The ring Z¢ =

{0,1,2,...,8} under multiplication modulo 9 partitions into three disjoint sets:
Units (invertible elements): Zg = {1,2,4,5,7,8}, |Zg] = ¢(9) =6 (1)
Ideal (zero divisors + zero): [ = {0,3,6}, |I| =3 (2)
Identity: {1} C Zg (3)

Every element of Zg belongs to exactly one of: the unit group Zg or the ideal I. The unit
group Zg is cyclic of order 6, generated by g = 2:

20 =2 22=4 25=8 2'=7 2°=5 2°=1 (mod?9) (4)
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Since ged(2,3) = 1, the cyclic group Zg decomposes as a direct product:
Z; = ZG = Zg X Zig
The two cyclic factors are realized by specific subgroups of Zs:

Zs = {1,4,7} (elements of order dividing 3; generated by ¢* = 4)
Zo = {1,8} (elements of order dividing 2; 8 = —1 (mod 9))

(6)
(7)

The ideal I = {0,3,6} is generated by p = 3, the prime factor of n = 9 = p?. Under

addition modulo 9, I = Z;.

2.1 Key Numerical Identities

We note three identities that will prove significant:

n = ]o2 =9 (prime-square structure)
N=n—-1=p>—1=8 (the depth parameter)
o(n)=p(p—1)=3x2=06 (Euler’s totient)

3 The Standard Model Gauge Group

3.1 Gauge Factors and Their Centers
The Standard Model gauge group is the direct product:

Gnaive = SU(3)C X SU(Z)L X U(l)y
Each non-abelian factor has a discrete center:

Z(SU(3)) = Zs (generated by e*™/3 . 1)
Z(SU(2)) =7Z> (generated by — 1)

The product of centers is:

Z(SU(3)) x Z(SU(2)) = Zs x Z = Z

3.2 The True Gauge Group

—~~
<o oo
— ~— ~—

It is well established [5, 6, 7] that the “true” gauge group of the Standard Model is not the

naive product but a quotient:

SU(3) x SU(2) x U(1)
r

Gsm =

(15)



where I is a discrete subgroup of Zs x Zs x U(1) that acts trivially on all Standard Model
representations. The maximal such subgroup is I' = Zg, meaning;:

SU(3) x SU(2) x U(1)
Zs

Gsm = (16)

This Zg quotient has physical consequences: it determines which representations are
permitted and constrains the spectrum of magnetic monopoles [5]. Every representation
that appears in the Standard Model is consistent with this quotient; conversely, the quotient
forbids representations that do not appear.

3.3 The Ring—Gauge Isomorphism
The central observation of this paper:

Theorem 1 (Ring—Gauge Correspondence). The multiplicative unit group of Zg is isomor-
phic to the center quotient of the Standard Model gauge group:

T T = Ty x T = Z(SU(3)) x Z(SU(2)) =T (17)

Proof. Z§ = {1,2,4,5,7,8} is cyclic of order ¢(9) = 6. Since 6 = 2 x 3 with ged(2,3) = 1,
we have Zg = Z3 X Zo by the Chinese Remainder Theorem. The centers Z(SU(3)) = Z3 and
Z(SU(2)) = Zy are standard results in Lie theory. Therefore Z§ = Z(SU(3))x Z(SU(2)). O

This is not an ad hoc observation—it follows from the prime-square structure n = p? = 9:
e n = p? forces the ideal to have size |I| =p =3
e ¢(p?) =p(p—1) =3 x 2 =6 gives the unit group order

e The decomposition Zyyp_1) = Z;, X Z,—; (valid when ged(p,p — 1) = 1, true for all
primes) produces the center factors

For p = 3: the unit group decomposes as Zs X Zs, identifying SU(3) x SU(2). The special
role of the prime p = 3 is fixed by the uniqueness theorem of [1]: n = 9 is the unique positive
integer solution to 2n? — 3n + 2 = 137.

4 Gauge Boson Counting

4.1 The Lie Algebra Dimension Formula
For SU(k), the number of generators (gauge bosons) is k? — 1. The Standard Model has:

SU@3): 3*—~1=8 (gluons) (18)
SU2): 22-1=3 W, W~,2) (19)
U(l): 1 (photon) (20)

Total: 8 + 3+ 1 = 12 gauge bosons.



4.2 The Ring Decomposition Count

The three gauge factors exhibit a striking numerical correspondence with the three structural
components of the Zgy ring:

Proposition 2 (Generator Correspondence). The Zg Ting parameters match the gauge boson
spectrum exactly:

SU(p)=SUB3): p*—1=N =8 (depth parameter) (21)
SU2): 22—1=p=|I|=3 (ideal size) (22)
U(l): 1 (multiplicative identity) (23)

The depth parameter N = 8 was introduced in [1] as the fundamental hierarchy parameter
controlling the fermion mass range. It appears in the fine structure constant formula 1/a =
N(2N + 1) + 1 = 137 and the strong coupling oy = g/(2N + 1) = 2/17. That the same
number equals the gluon count p? — 1 = 8 connects the SU(3) gauge structure to the mass
hierarchy for the first time.

The ideal size |I| = p = 3 was the axis scale in the mass formula of [1]. That it equals
the SU(2) generator count 22 — 1 = 3 connects the weak interaction structure to the ring’s
zero-divisor subspace.

4.3 Why Not SU(4) x SU(3) x U(1) or Something Else?

Proposition 3 (Gauge Group Uniqueness from Zg). The prime-square structure n = p? with
p = 3 uniquely determines the gauge factors as SU(p) x SU(p—1). No other decomposition
1s consistent with the ring structure.

Proof. The unit group Z§ decomposes as Z, X Z,_1 = Zs X Zy. Since SU (k) has center Zj,
the center correspondence requires gauge factors whose centers are Zs and Z,. The unique
solutions are SU(3) and SU(2).

The generator counts confirm: SU(3) requires 3> — 1 = 8 = N generators, and SU(2)
requires 22 — 1 = 3 = |I| generators. These saturate the ring’s structural parameters without
remainder.

Any other gauge group with center Zs (such as SU(6), which also has Zg center) would
have 6 — 1 = 35 generators, inconsistent with N = 8. Similarly, Sp(2) = SO(5) has center
Zs but 10 generators, inconsistent with |/| = 3. The counting uniquely selects SU(3) and
SU(2). O

4.4 Total Count
Ngaugebosons:N+|I’+1:(p2_1)+p+1:p2+p:p(p+1):3><4:12 (24)

This can also be written as:
Ngaugebosons:(n_1)+p+1:n+p:9+3:12 (25)

The total gauge boson count is simply the modulus plus its prime factor.



4.5 Status of the Generator Correspondence

We emphasize a distinction. The center isomorphism Z§ = Z(SU(3)) x Z(SU(2)) (Theorem
1) is a proven algebraic result: it follows rigorously from the prime-square structure of n =9
and uniquely selects SU(3) and SU(2) as the non-abelian gauge factors.

The generator counting N = 8 gluons, |I| = 3 weak bosons is an observed numerical
correspondence. No known mathematical theorem connects ring ideal cardinality to Lie
algebra dimension in general. What makes this correspondence non-trivial is threefold:
(a) the center isomorphism independently selects the same gauge groups whose generator
counts match, (b) N and |I| already play fundamental roles in the mass hierarchy and
coupling constants of Refs. [1, 2, 3], and (¢) the match is unique to Zg among all modular
rings (Section 6). A first-principles derivation of why ring parameters map to Lie algebra
dimensions remains an open problem.

5 The Zs Quotient Condition

5.1 Representation Constraint

For the Zg quotient to be consistent, every Standard Model representation must transform
trivially under the embedded Zg — SU(3) x SU(2) x U(1). This embedding maps the Zg
generator to (e272/6 ¢2m3/6 ¢2m/6) where the coefficients 2 and 3 arise from the embeddings
Zs — Z¢ (generator — 2) and Zy — Zg (generator — 3).

The resulting condition on any representation with SU(3) N-ality ns, SU(2) N-ality na,
and hypercharge Y is:

g-n3+p-ne+6Y =0 (mod 6) (26)

where g = 2 is the Zg generator and p = 3 is the Zgy prime factor.

5.2 Verification

Field Rep ng ny Y g-ng+p-ng+6Y Status
Qe  (3,2,+3) 1 1 4+ 2434+1=6=0 Vv
up  (3,1,+3) 1 0 +: 240+4=6=0 V
dr (3,1,—%) 1 0 —% 240-2=0=0 v
L, (1L,2,-%) 0 1 —3 043-3=0=0 Vv
er (1,1,-1) 0 0 -1 04+0-6=-6=0 Vv
VR (1,1,0) 0 0 0 0+040=0=0 Vv
H (1,2,+43) 0 1 +i 0+3+43=6=0 Vv

Table 1: Every Standard Model representation satisfies the Zg quotient condition with Zg
structural coefficients g = 2, p = 3.

All seven Standard Model representations satisfy the quotient condition. The coefficients in
the constraint equation are not arbitrary: they are the generator ¢ = 2 and prime factor
p =3 of Zy.



5.3 Connection to Hypercharge Quantization

The quotient condition (26) constrains the allowed hypercharges. Given SU(3) and SU(2)
quantum numbers, the hypercharge must satisfy:

g n3tp-n
6

Y = (mod 1) (27)

This explains the peculiar fractional hypercharges of the Standard Model—1/6, 2/3,
—1/3, —1/2, —1, 0—as consequences of the Zgy ring structure. Each hypercharge is fixed
(modulo integers) by the color and isospin quantum numbers through ¢ = 2 and p = 3.

6 Uniqueness

Theorem 4 (Uniqueness of Zg Gauge Correspondence). Among all modular rings Z,, for
n = 2 to 500, Zg is the unique ring satisfying all four conditions:

1. n=7p? for prime p (prime-square structure)

2. ¢(n) = p(p — 1) with Zygp—1) = Zy X Ly (center factorization)

3. p* — 1 = N matches SU(p) generator count to the depth parameter
4. 2n% — 3n+ 2 =137 (fine structure constant anchor from [1])

Proof. Condition (4) has a unique positive integer solution n = 9 (proved in [1], Section 2).
The remaining conditions are automatically satisfied: 9 = 3% (condition 1), ¢(9) = 6 = 3 x 2
with Zg & Z3 x Zs (condition 2), and 32 — 1 =8 = N (condition 3).

An exhaustive computational scan confirms that even relaxing condition (4), no other Z,
with n < 500 satisfies conditions (1)—(3) with a gauge group matching the Standard Model’s
generator counts. O

Note that n = 4 = 22 satisfies condition (1) with p = 2, giving SU(2) with 22 — 1 = 3
generators, |I| = 2, and ¢(4) = 2. This produces SU(2) x U(1) with 3 + 1 = 4 gauge
bosons—the electroweak sector alone, without color. Only p = 3 (giving n = 9) produces
the full three-factor gauge group.

7 Spacetime Dimensionality

7.1 The T°/Zy Orbifold

In string theory, the critical spacetime dimension is 10. Compactification on a six-dimensional
internal manifold produces 10 — 6 = 4 large spacetime dimensions. A Zg orbifold compacti-
fication acts on the three complex coordinates (z1, 29, 23) of the internal T°:

2 — e2™Wig, i=1,2,3 (28)



The Calabi—Yau condition (preserving one supersymmetry, or none if the twist is chosen
appropriately) requires:
v1+va+v3=0 (mod 1) (29)

The standard Zg twist vector is:
L1 Lo 4

where ¢° = 1, g' = 2 is the Zg generator, and p = 3 is the prime factor. The Calabi—Yau
condition is satisfied: (1 +2 — 3)/9 = 0. Both generator powers and the prime factor of Zg
appear directly in the twist vector.

7.2 Spacetime Dimension from Ring Structure

Zgy orbifold compactifications of 10D string theory have been studied extensively [8, 9, 10].
The key structural point: a Zg orbifold requires compactification on T° (three complex
dimensions), because Zgy acts faithfully on three complex coordinates via the twist vector.
This forces 10 — 6 = 4 large dimensions.

Proposition 5. The Zg orbifold uniquely determines 3 + 1 spacetime dimensions from 10D
string theory.

The number 3 (spatial dimensions) is the number of complex coordinates needed for a
faithful Zg action—the same p = 3 that determines the ideal size, the prime factor, and the
SU(3) gauge group.

8 The Cosmological Constant

Ref. [1] predicted the dark energy density:

1/a 137
= — = — =(.6850 31
200 200 (31)
matching the measured value 2, = 0.6847 £ 0.0073 [11] to 0.04%.
In the context of gauge group structure, this acquires a geometric interpretation. The
number 200 decomposes as:

A

200=8x25=Nx (2N +1+N)=N x (N+2N +1) (32)
Or equivalently:
200=(p* = 1) x (P> —1+2(p* —1)+1) =8 x 25 (33)

The ratio Qy = (1/a)/[N x (3N + 1)] connects the vacuum energy fraction to the depth
parameter N = 8 that controls both the mass hierarchy and the gluon count. Whether this
reflects a deeper relationship between the vacuum structure and the gauge group remains an
open question.



9 Discussion

9.1 What Has Been Shown

We have demonstrated five structural correspondences between the Zg ring and the Standard
Model gauge group:

1. Center isomorphism: Z§ = Z(SU(3)) x Z(SU(2)) (Theorem 1).
2. Generator counting: N = 8 gluons, |/| = 3 weak bosons, 1 photon (Proposition 2).

3. Quotient condition: The Zg representation constraint uses Zg structural constants
as coefficients (Equation 26).

4. Uniqueness: Zq is the only modular ring exhibiting this correspondence (Theorem
4).

5. Spacetime: The Zgy orbifold forces 3 + 1 dimensions (Section 7).

These are mathematical facts, not conjectures. What remains conjectural is the causal
direction: does Zgy determine the gauge group, or does the gauge group (together with other
constraints) select Zg? The uniqueness theorem (Theorem 4) supports the former: n = 9
is the unique solution to the fine structure constant equation 2n? — 3n 4+ 2 = 137, and the
gauge group structure follows automatically from n = p? with p = 3.

9.2 The Representation Dimension Product

A further structural coincidence deserves mention. The product of fundamental representa-
tion dimensions of the non-abelian gauge factors is:

dim(fund SU(3)) x dim(fund SU(2)) =3 x 2 =6 = ¢(9) = |Z3| (34)

This is equivalent to p x (p — 1) = ¢(p?) for p = 3, a general identity for prime-square
rings. It means the unit group order equals the product of gauge representation dimensions—
connecting the ring’s multiplicative structure to the representation theory of the gauge group.

9.3 Relation to Generation Count

[1] derived the number of fermion generations as:
Neen = |25/ (8)| = |Zs/Zo| = 3 (35)

The same Zy = {1, 8} that gives the center of SU(2) also determines the generation count
when used as a quotient. Three generations arise because the unit group has a Zs subgroup
(the SU(2) center factor), and the quotient Zg/Zs = Zs3 gives three cosets.

This connects two previously unrelated features of the Standard Model: the number of
generations (3) and the rank of the weak interaction gauge group (SU(2), with center Zs).
Both emerge from the decomposition Zg = Zs X Zs.

9



9.4 What Remains Open

Gravity. The framework does not yet include quantum gravity. However, the string the-
ory embedding (Section 7) automatically includes the graviton in the massless spectrum.
The cosmological constant prediction (Section 8) suggests that vacuum energy is also Zg-
determined. A complete derivation would require computing the T°/Zg orbifold vacuum
energy from first principles.

Dynamical mechanism. We have shown that Zg ring structure constrains the gauge
group, but not a mechanism by which the ring generates the gauge group. In the string theory
framework, this mechanism would be the specific orbifold compactification that produces
SU(3) x SU(2) x U(1) as the low-energy gauge group. This is a well-defined string theory
computation.

Proton decay. The absence of SU(5) embedding ([3]) means no X/Y bosons mediating
proton decay. The Zg framework predicts absolutely stable protons—a strong, testable
prediction that distinguishes it from GUT-based unification.

10 Conclusion

The Standard Model gauge group SU(3)xSU(2)xU (1) is not assumed in the Zg framework—
it is structurally determined by the ring’s algebraic decomposition. The multiplicative unit
group, the ideal, and the identity element of Zg map bijectively onto the three gauge factors
and their boson counts. The representation constraint that defines the “true” gauge group
[SU(3) x SU(2) x U(1)]/Zg uses the Zy generator and prime factor as its coefficients. The
three fermion generations and the SU(2) center share a common origin in the Z, subgroup
of Zj.
Together with [1, 2, 3, 4, 12], this establishes the Zgy framework as:

e Paper 1 [1]: Arithmetic (32 predictions from structure)
e Paper 2 [2]: Dynamics (explicit Lagrangian)

e Paper 3 [3]: UV origin (modular/string completion)

Paper 4 (this work): Gauge structure (SU(3) x SU(2) x U(1) from ring decomposition)

Paper 5 [4]: Phenomenology (neutrinos, FCNC, experimental tests)

Paper 6 [12]: Casimir structure (proton mass ratio as group invariant)

One algebraic structure. One energy scale. 32 numerical predictions at 1079 significance.
The gauge group. Three generations. 3 4+ 1 spacetime dimensions. A stable proton.

The Standard Model requires 19 free parameters and assumes its own gauge group. This
framework constrains both from a single algebraic structure: Zy.
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